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A CARDINAL FUNCTION ALGORITHM FOR COMPUTING
MULTIVARIATE QUADRATURE POINTS

MARK A. TAYLOR*, BETH A. WINGATE', AND LEN P. BOS *

Abstract. We present a new algorithm for numerically computing quadrature formulas for arbi-
trary domains which exactly integrate a given polynomial space. An effective method for constructing
quadrature formulas has been to numerically solve a nonlinear set of equations for the quadrature
points and their associated weights. Symmetry conditions are often used to reduce the number of
equations and unknowns. Our algorithm instead relies on the construction of cardinal functions and
thus requires that the number of quadrature points N be equal to the dimension of a prescribed
lower dimensional polynomial space. The cardinal functions allow us to treat the quadrature weights
as dependent variables and remove them, as well as an equivalent number of equations, from the
numerical optimization procedure. We give results for the triangle, where for all degree d < 25, we
find quadrature formulas of this form which have positive weights and contain no points outside the
triangle. Seven of these quadrature formulas improve on previously known results.
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triangle, polynomial approximation
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1. Introduction. Gauss-Lobatto quadrature points are commonly used in nu-
merical methods which rely on both accurate high-order polynomial interpolation
and quadrature properties. They are heavily relied on by the diagonal-mass-matrix
spectral element method, which has been very successful in geophysical applications
dominated by wave propagation [17, 15, 11, 12, 25]

Gauss-Lobatto quadrature points are only known for tensor product domains such
as the line, square and cube. It is unclear how to find Gauss-Lobatto like points for
non tensor-product domains like triangles or tetrahedrons, which makes it difficult to
extend the diagonal-mass-matrix spectral element method to these domains. There
are two generalizations that have been studied in some detail. The first involves
searching for points in these domains with optimal interpolation properties by min-
imizing the Lebesgue constant [4], [14], [24]. For high polynomial degree, the best
results have been obtained for Fekete points, which can be computed in a natural way
with a cardinal function (Lagrange interpolating polynomials) algorithm [24]. The
second generalization involves searching for points in the domain of interest which
give an optimal quadrature formula for the integral of polynomials over the domain.
Here we consider a set of N points {z1, 29, ..., 2y} and weights {wy,wa,...,wy} to
be a quadrature formula of strength d if the quadrature approximation for a domain
Qa

N
JREI N
Q =

is exact for all polynomials g up to degree d. Among all quadrature formulas of
strength d, the optimal formulas are those with the fewest possible points N. In
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this work, we describe an algorithm for computing near-optimal quadrature formulas
which is motivated by the Fekete point algorithm and relies heavily on the construction
of cardinal functions.

The quadrature problem has been extensively studied independently of spectral
element applications and has a long history of both theoretical and numerical devel-
opment. For a recent review, see [5, 20, 8, 6]. An on-line database containing many
of the best known quadrature formulas is described in [7]. Much of these results are
also collected and distributed on CD-ROM in the book [22].

One successful approach for numerically finding quadrature formulas dates to [21].
A generalized version was used recently in [26]. Newton’s method is used to solve the
nonlinear system of algebraic equations for the quadrature weights and locations of the
points. Symmetry is used to reduce the complexity of the problem. If the quadrature
points are invariant under the action of a group G, then the number of equations can
be reduced to the dimension of the subspace of Py invariant under G.

Motivated by the cardinal function Fekete point algorithm [24], we propose a new
method to reduce the complexity of the quadrature problem: we look for quadrature
formula that have the same number of points as the dimension of a lower dimensional
polynomial space. We can then construct a cardinal function basis for this lower
dimensional space, make use of a multi-variate generalization of the Newton-Cotes
quadrature weights, and derive a remarkable expression analytically relating the vari-
ation in the quadrature weights to the variation of the quadrature points. The net
result is a significant reduction in the number of equations and unknowns. Symmetry
can still be used to further reduce the complexity of the problem if needed. How-
ever here we have been able to find optimal quadrature sets of strength 9 through
25, subject only to the cardinal function constraint without imposing any symmetry
constraints on the solutions.

2. Orthogonal Polynomials. We first define our notation and describe the
basis that will be used to represent cardinal functions. Let Q be a domain in R", with
& an arbitrary point in €. Let Py be the finite dimensional vector space of polynomials
in the Cartesian components of £ of at most degree d, and let N = dimP;. As an
example, if €2 is the right triangle, then

Py = span{&1&y,m +n < d}

where £ = (£,&) € R? and N = 1(d+1)(d + 2).

Our algorithm requires working with a cardinal function basis for P;. The most
practical way to compute cardinal functions numerically is to work instead with their
expansions in terms of an orthogonal, easily computed basis for P;. We denote this
basis by {g;(£),i = 1,..., N}. For simplicity, we require that g;(£) = 1. Because the
remaining basis functions are orthogonal to the constant function, we have

1, fori=1
;i dE = 2.1
/Qg ¢ {o, for i > 1 (2.1)

where |Q2| is the area of  and d¢ represents the uniform area measure. In the right
triangle, & > —1, &, > —1 and & + & < 0, such a basis is given by the Kornwinder-
Dubiner polynomials {gm, »} [1, 18, 9],

&1
1—-¢&

gm,n(€) - P,%’O < > (1 - 52)mpsm+1,0(£2)7 m—+n § d
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where P%# are the Jacobi Polynomials with weight («,3) and degree n. The tra-
ditional double index (m,n) can be converted into the single index used here by
i=(m+n+1)(m+n+2)/2—m. Suitable recurrence relations for these polynomials
are given in [16].

3. Cardinal functions and Quadrature points. We now describe the proce-
dure we use to compute cardinal functions defined by a set of N points

z=1{z1,29,...,2N}
where each z; is a point in the right triangle. If the points are non-degenerate, the
cardinal functions can be defined uniquely as the polynomials in £ which belong to
Pq and satisfy
1, if E = Z;
0, &=z, #i
The cardinal function depend implicitly on the defining points, and thus we include

a second argument of z. To evaluate cardinal functions numerically, we first express
them in terms of the orthogonal basis {gm},

$i(&2) =D 6" gm(9). (3:2)

#i(§;2) = { (3.1)

The expansion coefficients QZJZ” are computed by evaluating Eq. 3.2 at the points z;
and solving the N x N linear system

0i(2532) = ) _ 0" gm(2;).

If reasonable care is used, the points {z;} can be chosen so that the system is well con-
ditioned and easily inverted by Gaussian elimination. The resulting cardinal functions
form a basis for Pjy.

Following conventional spectral method techniques, we evaluate cardinal functions
at an arbitrary point £ by by simply evaluating the g,,,(£) (via recurrence relations)
and summing the series in Eq. 3.2. Derivatives of cardinal functions with respect to
& are evaluated in a similar fashion, by first evaluating the derivatives of g,, after
differentiating Eq. 3.2.

The Newton-Cotes quadrature formula for P; can be constructed at these points
by solving the system

N
> wii(z;2) :/(j)idf Véi,i=1,...,N
j=1
Making use of Eq. 2.1 and Eq. 3.1, the solution of this system is given by

w:/@ﬂzﬂﬁ- (3.3)

By construction, the Newton-Cotes weights and the points {z;} give a quadrature
formula which exactly integrates our N cardinal functions {¢;}. Since Py = span{¢;},
we have

N
S wigs) = [gde vge P
J=1
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Thus any set of N non-degenerate points {z;} will yield a quadrature formula for
P4, with uniquely determined quadrature weights. The problem now is to find the N
points which integrate all of Py, for the largest possible e.

4. Derivatives of cardinal functions with respect to z. In the algorithm
that follows, we will also need to compute the derivative of a cardinal function ¢; with
respect to the points z; used to define ¢;. For this, we use:

ProposITION 4.1. We have

O
aZj

(6:2) = —65(&: z%(zj;z). (4.1)

Proof. We actually compute the more detailed derivative

0

o PilsiZ
where (z;), denotes the kth component of the jth point z;. To this end, write
9 - 0i(&; (2\z5) U{z; + her}) — ¢i(&; 2)
=~ PilSs =1
3, iee) = i h

where e, denotes the standard unit direction vector in the kth coordinate. But the
difference

?i(&; (2\z5) U{z; + hex}) — ¢i(&;2)

is zero at the points of z\z;, as is ¢;(£;z), and hence by uniqueness,

$i(&; (2\25) U {2 + hex}) — 0i(§;2) = C¢;(&;2)

for some constant C.
To evaluate C, first suppose that j # 4. Then evaluate at £ = z; + hej, to obtain
(for sufficiently small h)

0 — ¢i(2; + hex;z) = Coj(z; + hey; z)
so that

¢i(z; + hey; z)

C=—- .
0i(z; + hey; z)

Hence,

a(fj)k(bi(f?z) = ,{iﬂf{)—mwf;@
_ ij((i;zz)) lim 0— (bi(Z]’h—F hey; z)
- 2{(25;2) lim Gilzj;2) — fb;(zj + hey; z)
- _¢j(f;Z) g?,: (23:2)
O

= —0i(&2) 5 (232):
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Similarly, if j = ¢ we evaluate at £ = a; + heg to obtain

1 — ¢i(zi + hey; z)

©= @i(zi + hey; z)
_ Gilzi32) — ¢i(zi + hey; z)
B ¢i(z; + hey; z)
so that
0 , 09;
a(«zz)k ¢l(€, ) ¢l(£7 )agk (Z»“ Z)
O

Thus the derivative of the i’th cardinal function with respect to j’th quadrature
point is given by the j’th cardinal function times a term independent of ¢ and in-
volving only the conventional derivative. The later term can be easily evaluated by
differentiating Eq. 3.2.

Using Eq. 3.3 and and Eq. 4.1, we can also derive a similar relation showing that
the derivative of the i’th weight with respect to the j’th quadrature point is given by
the j’th weight times the same term that appears in Eq. 4.1:

Aw; a i 09;
o= [oen G = —u, T (12)

5. A cardinal function algorithm for computing quadrature points for
Pat+e. We now describe an iterative method for improving an initial set of N quadra-
ture points z. In order to integrate a space larger than Py, we need to find quadrature
points which satisfy the nonlinear equation

> wigm(z) = /gm d€  VYgm € Pare (5.1)

for some e > 0. By using the Newton-Cotes weights given by Eq. 3.3, we automatically
integrate all of Py, thus we need only satisfy the equations for the basis functions in
Pa+e which are not in Py:

Zwigm(zi) =0 Vgm : d < degreeg,, < d+e

and we have replaced the integral on the left-hand-side of Eq. 5.1 by 0 by virtue of
Eq. 2.1. Define

= Z wigm('zi)

and F' = {F,, : d < degreeg,, < d+ e}. Note that since the weights are determined
by z, we can treat F as a function solely of z. Then Eq .5.1 is equivalent to F' = 0,
which can be solved using Newton’s method:

8Z 1
— =—(VF

ot (VF)
The gradient of F' is not necessarily square. Following [26], we use a pseudo-inverse
for (VF)™1, and restrict ourselves to the under-determined case by choosing e so
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that there are more equations then degrees of freedom in the problem. There is one
degree of freedom for each coordinate of each point in R", for a total of ndim Py.
The number of equations is given by dim P4 —dim Py. Thus the degrees-of-freedom
constraint is given by dimPyy. < (n+1)dim Py = (n+ 1)N.

Using Eq. 4.2, the components of the gradient of F' are given by

OF,, Ogm(zi)  Ow;
=3 (w owi 2
8zj P (U}z aZj * aZj gm(21)> (5 )
Bgm
W 0§ W E , (2, 2j) gm(2i)

Comparing this approach to the traditional Newton method for quadrature, such as
n [26], we see that the use of the Newton-Cotes weights has removed the weights
from the iteration, and thus reduced the number of unknowns by N. Since these
weights exactly integrate Py, we have also reduced the number of equations by N.
The only increase in complexity is the addition of the term involving the derivative of
the weights with respect to the quadrature points. But this term is easy to evaluate
by virtue of Eq. 4.2.

If symmetry is imposed on the quadrature points, then additional reductions in
the number of equations and unknowns are possible, as in [21]. However, for the
results presented in this paper we typically do not impose any symmetry constraints.

6. Practical considerations. In practice, Newton’s method is only used to ac-
celerate the convergence of a slower, more robust algorithm. We first use the steepest
descent algorithm to minimize the quadrature error, F' - F. This algorithm simply
moves the points in the direction of steepest descent given by V(F - F):

0z
7] - 72ZF azj

Once this algorithm has found a possible quadrature formula, we switch to Newton’s
method and iterate until the sequence converges. If the iteration fails to converge,
then another initial condition is chosen and the procedure is repeated.

Our procedure for constructing initial conditions is the same as that used in [24].
We choose a distribution of points which approximates the extremal measure p for
the triangle given in [2]. For the triangle, it is conjuctured that u is also the density
of quadrature points with positive weights in the limit IV goes to infinity and it was
recently shown that this limit is bounded below by c¢mu for some constant c. [19].
For the right triangle & > 0, & > 0 and & + & < 1, the extremal measure is

1

#e) Va1l —& — &)

To distribute a finite set of points to approximate the given density u(&), we first
assume the points lie in a nested family of triangles. We then compute a nested family
of triangular shells, each with a mass (using the measure p(£)d§) proportional to the
number of points we have decided to place in that shell. If there are k points to be
placed in a given shell, we break that shell into k£ quadrilateral pieces, all with the same
mass, and place one point in the center of each piece. For a given number of points,
there are a variety of configurations which can be generated by altering the number
of points within each shell and the number of shells. The cardinal function algorithm
is extremely sensitive to the initial condition, so many of these initial conditions must
be tried to find an optimal solution.
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Degree of cardinal | Number of | Degree of Exact

functions (d) Points (N) | Integration (d+e) Error Notes
1 3 2 4.4 x10~1
2 6 4 9.7 x10~16
3 10 5 1.7 x10~ 14
4 15 7 2.1 x10~14
5 21 9 2.8 x10~14
6 28 11 4.7 x10~15 asym
7 36 13 2.2 x10~1* | asym,new
8 45 14 1.8 x10~15
9 55 16 8.6 x10~1% | asym,new
10 66 18 3.3 x10~1* | asym,new
11 78 20 2.8 x10~1* | asym,new
12 91 21 2.9 x10~14 new
13 105 23 3.3 x10~14 new
14 120 25 4.3 x10~ | asym,new

TABLE 7.1

Quadrature points computed with the cardinal function algorithm. In all cases, the quadrature
weights are positive and the points are not outside the triangle. Solutions which are not D3 sym-
metric are denoted by asym. Solutions which improve upon previously published results are denoted
by new.

7. Results. Our results for the triangle are summarized in Table 7.1. Except for
quadrature formulas associated with d = 3 and d = 4, were were able to obtain the
optimal solution (fewest number of points) subject to the cardinal function constraint
on the number of points and the degrees-of-freedom constraint:

N = dim P, (7.1)
dim Pyy. < 3N. (7.2)

All the quadrature points have positive weights and no points lie outside the triangle,
although neither of these properties is in any way guaranteed by the cardinal function
algorithm. The errors presented in the table is the max norm of the quadrature error
over all the ortho-normal basis functions:

szgmn(zl) - /gm,n d¢

with normalization [ g2, ,, d€ = |Q|. Many of the quadrature sets are invariant under
the symmetry group of rotations and reflections of the triangle, Ds. The solutions
which do not have this symmetry are denoted with asym in the table.

Quadrature formulas denoted by mew in the table represent formulas which im-
prove upon the best previously published results, as taken from the extensive database
described in [7] and the quadrature points presented in [26] (which are not included
in the database as of this writing). The new solutions for integration degree d + e
from 18 to 25 have fewer points then the previously published results. For d +e = 13
and 16, the results presented here have the fewest number of points amoung formulas
with positive weights and no points outside the triangle. For d 4+ e = 13, the previ-
ous result with the fewest number of quadrature points has N = 36, but but some
of those points are outside the triangle and not all the weights are positive [3]. For
d+e = 16, previous results include formulas with 52 points, some of which are outside
the triangle [10], and 55 points, some of which have negative weights [13].

In Table 7.2, we summerize the resuls for the triangle from [7], [26], and the
cardinal function algorithm.

max
Im,n 6Pd+e
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Degree Number of points (N)
of Exact Cools | Wandzura & | cardinal function
Integration Xiao algorithm
2 3 3 3
3 4 6
4 6 6 6
5 7 7 10
6 10t 12
7 12 15 15
8 15t 16
9 19 19 21
10 221 25
11 27t 28 28
12 33 36
13 361 40 36
14 42 46 45
15 487 54
16 52f 58 55
17 61 66
18 67t 73 66
19 73 82
20 79t 85 78
21 93 91
22 100
23 106 105
24 118
25 126 120
26 138
27 145
28 154
29 166
30 175
TABLE 7.2

Comparisons of known quadrature formula for the triangle. The column labeled Cools gives the
results collected in [7]. The column labeled Wandzura and Xiao gives the results from [26] Formulas
with negative weights or points that lie outside the triangle are denoted with a t.

The coordinates of the points for the first four new quadrature formulas are given
in Appendix I. The coordinates for all the formulas in the table are available elec-
tronically from [23]. Plots for the first four of these quadrature points are shown in
Fig. 7.1. In the figure, the right triangle has been mapped lineally to the equilateral
triangle in order to make the asymmetry in the points more visible.

8. Summary. We have presented a cardinal function algorithm for comput-
ing multi-variate quadrature points. The key ideas involve the use of Newton-Cotes
weights expressed as integrals of cardinal functions and a formula relating the deriva-
tives of cardinal functions with respect to z; (their defining points) to conventional
derivatives in £&. These two ideas allow us to reduce the number of equations and
number of unknowns by N, while still retaining analytic expressions for the gradients
necessary to apply steepest decent or Newton iterations. The algorithm was applied
to the triangle, where optimal (in the sense of Equations 7.1 and 7.2) formulas were
constructed for integrating polynomials up to degree 25. Seven of these quadrature
formulas improve on previously known results.

To apply the algorithm to other domains and more than two dimensions only
requires the knowledge of an orthogonal basis of polynomials and the ability to eval-
uate the basis functions arbitrary points. The use of cardinal functions requires that
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Fic. 7.1. Quadrature points for the triangle which, from left to right and top to bottom, ex-
actly integrate polynomials of degree 13, 16,18 and 20. No points are outside the triangle, and all
quadrature weights are positive.

N = dimP,;. This constraint can be relaxed by replacing Py with any subspace
P’ C Pgie. The algorithm is unmodified other than that one needs to compute car-
dinal functions and Newton-Cotes weights for the space P’ instead of Py. However,
there are many choices for P’ and it is not known how the choice of P’ effects the
results.
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Appendix A. Tables of quadrature points. We now list the coordinates of

the first four quadrature formulas marked with a new in Table 7.1. Coordinates for
all formulas are available electronically in [23]. For each line, we give the first two
barycentric coordinates of each point (equivalent to the x and y coordinates after
an equilateral triangle is linearly mapped to the unit right triangle x > 0, y > 0
and z + y < 1) followed by the associated quadrature weight. The third barycentric
coordinate is defined such that the sum of all three coordinates is one.

Tables of Points 0.4757672298101 0.5198921829102 0.0184474661845
integration degree=13 N=36: 0.5190783193471 0.0055912706202 0.0197942410188
0.0242935351590 0.9493059293846 0.0166240998757  0.8616839745321 0.0133996048618 0.0203540395855
0.0265193427722 0.0242695130640 0.0166811699778  0.1249209759926 0.8613054321334 0.0206852863940
0.9492126023551 0.0265067966437 0.0166830569067  0.0138565453861 0.1247733717358 0.0208271366086
0.0033775763749 0.4767316412363 0.0175680870083  0.0211887064222 0.8438438351223 0.0317819778279
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.0159285948360
.0156061028068
.5910094817484
.4034771496889
.5694745628526
.0678493700650
.4265968590272
.0670982507890
.7528310231480
.7T753727783557
.1689073157787
.1687335832919
.0821244708436
.6288705363345
.0811413015266
.2969112065080
.0767542314171
.6223022333845
.3103786288051
.0819218215187
.4717022665013
.4546603415250
.1701091339237
.6406004329487
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0
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.0000000000000
.0000000000000
.0000000000000
.0049848744634
.9386405618617
.0526424462697
.9469035517351
.0363373677167
.0151224541799
.8693773510664
.1204917285774
.0157763967870
.8448120870375
.0135009605584
.1455274938536
.0155697540908
. 7379836894450
.7297615689771
.2543076683315
.2696239795791
.0144783956308
.0591679410400
.8634782575061
.4191238955238
.5809222921146
.0159251452651
.5806700368104
.4149495146302
.0761218678591
.0157509692312
.7741898312421
.0819119495639
.1577128457292
.7503943099742
.0708311507268
.1762996626771
.0807744953317
.3054373589776
.6227485988871
.6247247149546
.3011485821166
.0779098365079
.4603633038351
.0821554006797
.4637565033890
.6422277808188
.1898293537256

[eleololoNoNoRoRolocRo oo NoNoRo o Ro o NoNoNo oo o No el
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Multivariate quadrature

.0320472035241
.0320607681146
.0430765959183
.0438473415339
.0439209672733
.0479951923691
.0483806260733
.0484867423375
.0556964488024
.0561026364356
.0565190123693
.0689289890670
.0717213336089
.0727453920976
.0788807336737
.0810114345512
.0825725299055
.0842044567330
.0843585533305
.0851969868488
.0902845328052
.0914283143485
.0916279065409
.1025573374896
.1033159661413
.1035854367193

.0006202599851
.0006315174712
.0007086601559
.0055163716168
.0062692407656
.0078531408826
.0094551483864
.0097824511271
.0099861643489
.0137553818816
.0140979178040
.0149646864337
.0156097503612
.0157683693348
.0175794546383
.0204113840270
.0209562878616
.0210713412998
.0217646760202
.0222288408699
.0224186693682
.0230122616993
.0236813902500
.0257464643368
.0257956801608
.0258072327610
.0260343232059
.0265768141609
.0265784761831
.0267532329238
.0375787806641
.0383065894195
.0384849695025
.0389619825852
.0394604111547
.0412364778098
.0512872438483
.0516405641935
.0518230042269
.0528527988181
.0538505573027
.0541895329319
.0584737146444
.0592863168363
.0594358276749
.0631800255863
.0632926845153

0.1912267583717
0.1885315767070
0.4772929957691
0.3126974621760
0.
0
0
0

4961225945946

.1928805312867
.3360041453816
.3337280550848

0.1739955685343
0.4798914070406
0.3348356598119
0.
0
0
0

4957972197259

.1927553668904
.3161015807261
.1894892801290
0.

3343571021811

integration degree=18 N=66:

0.0116731059668
0.9810030858388
0.0106966317092
0.9382476983551
0.0126627518417
0.0598109409984
0.0137363297927
0.9229527959405
0.0633107354993
0.0117265100335
0.1554720587323
0.8343293888982
0.8501638031957
0.0128816350522
0.1510801608959
0.0101917879217
0.2813372399303
0.7124374628501
0.2763025250863
0.0109658368561
0.4289110517884
0.4215420555115
0.5711258590444
0.5826868270511
0.0130567806713
0.0130760400964
0.7263437062407
0.0687230068637
0.8652302101529
0.0648599071037
0.1483494943362
0.0624359898396
0.
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

7871369011735

.0519104921610
.1543129927444
.2617842745603
.7667257872813
.2582103676627
.0679065925147
.5293578274804
.0666036150484
.0585675461899
.0644535360411
.6748138429151
.3914602310369
.6487701492307
. 3946498220408
.5390137151933
.1627895082785
.6812436322641
.1542832878020
.2522727750445
.2547981532407
.1485580549194
.2930239606436
.2808991272310
.4820989592971
.5641878245444
.1307699644344
.1479692221948
.5638684222946
.4361157428790
.3603263935285
.4224188334674
.3719001833052

0.
.0071462504863
.0115153933376
.0495570591341
.9370123620615
.0121364578922
.0612783625597
.0141128270602
.9220197291727
.1500520475229
.8325147121589
.0125228158759
.1371997508736
.8477627063479
.0136526924039
.5770438618345
.7066853759623
.0124569780990
.0121741311386
.4194306712466
.5699616067469
.0116475994785
.0118218313989
.4057889581177
.2725023750868
. 7224712523233
.2602984019251
.0631417277210
.0720611837338
.8590433543910
. 7888788352240
.1493935499354

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0.
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

9812565951289

0656382042757

.5255635695605
.0716383926917
.0621479485288
.1658211554831
.6800119766139
.7571515437782
.4121503841107
.2612513087886
.3902236114535
.6373626559761
.0637583342061
.5503238090563
.2836728360263
.0605175522554
.0611990176936
.6861322141035
. 1567968345899
.1667512624020
.2504803933395
.4994090649043
.5756023096087
.5656897354162
.1437921574248
.2518557535865
.1462966743153
.4489577586117
.3001174386829
.2813772089298
.4252053446420
.2599190004889
.1453238443303
.3780122703567
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.0640707361772
.0812040595918

0814437513530
0814679201241

.0815050548084
.0815164664939
.0816931059623
.0923218334531

.0025165756986
.0025273452007

0033269295333
0081503492125

.0086135525742
.0087786746179
.0097099585562
.0102466211915
.0108397688341
.0129385390176
.0136339823583

0138477328147
0139421540105

.0144121399968
.0153703455534
.0162489802253
.0169718304280
.0170088532421
.0170953520675
.0173888854559

0174543962439
0178406757287

.0178446863879
.0179046337552
.0181259756201
.0184784838882
.0185793564371
.0203217151777
.0213771661809
.0231916854098

0274426710859

.0290301922340
.0294522738505
.0299436251629
.0307026948119
.0325263365863
.0327884208506
.0331234675192

0346167526875
0347081373976

.0347372049404
.0348528762454
.0348601561186
.0355471569975
.0360182996383
.0362926285843
.0381897702083

0392252800118
0482710125888

.0489912121566
.0497220833872
.0507065736986
.0509771994043
.0521360063667
.0523460874925

0524440683552

.0527459644823

0529449063728

.0542395594501
.0543470203419
.0547100548639
.0557288345913
.0577734264233
.0585393781623

0609039250680
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0.2413645006928 0.3847563284940
integration degree=20 N=78:

0.
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0089411337112
9792622629807
0105475382112
0023777061947

.0630425115795
.9308422496730
.0629076555490
.9315962246381
.0061951689415
.02871256819237
.9293844478305
.0375457566621
.0086895739064
.1547597053965
.8331025294185

8374231073526
1559362505234
0098599642095

.4055873733289
.5964727898618
.0080747800416
.0075073977721
.3936764519237
.5846530726212
.4870804112120
.2683512811785
. 7223956288748
.2716826742357
.0112580842046
.0115034734370

7140525900564
4902871053112
0201423425209

.0361107464859
.8607998819851
.1005891526001
.0918740717058
.8604888296191

0.
0.0102644133744
0.9785514202515
0.0636551098604
0.0041506347509
0.0048053482263
0.9316790069481
0.0626264881801
0.9293587058564
0.0310202122997
0.0342152968219
0.9257868884669
0.1584971251510
0.8363606657688
0.0089257244824
0.1529167304078
0.0094966240058
0.8342211493596
0.0074389302008
0.
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0086983293702

3956330809311

.4031319425903
.5851609594681
.5974896592899
.0087250464968
.0202129229912
.7202340088668
.2662399366456
.0112882698808
.7169695963325
.2740067110166
.0113511560497
.4936491841468
.4832573459601
.0935679501582
.0397379067075
.8586343419352
.0395513001973
.0966224057079

0.
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Taylor, Wingate and Bos

0637273964449

.0021744545399
.0028987135265
.0030846029337
.0034401633104
.0041898472012
.0044738051498
.0047054420814
.0048867935750
.0051927643369
.0074073058981
.0079755410301
.0083550522910
.0096166660864
.0096318257850
.0098577460758
.0102657880301
.0103188103111
.0106291001630
.0106881306895
.0106969021010
.0109026461714
.0109899783575
.0113423055229
.0120535642930
.0139619193821
.0141147991536
.0141930347046
.0144212676268
.0144704346855
.0144949769872
.0145386775694
.0145964190926
.0147314578466
.0167463963304
.0168955500458
.0169422662884
.0173070172095
.0174524546493
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0439842178673
2011017606735
7449993726263
0532186641310
7453984647401
1957289932876
1092532057988
0567625702001
0483837933475
1080612809760
6185605900991
7721296013497
6115734801133
3381326103376
1173084128254
2674551260596
6542100160026
0538297481158
1848840324117
3376267104744
6067102034499
4612614085496
1525465365671
0700582543543
4704201379032
1216461693746
6371404052702
2379904515119
1483929857177
3598069571550
4941441055095
1440630687981
5019764440004
3555423834298
2443439540771
2437064989342
5122200807321
2526038315178
3759895652851
3729077987144
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.8561886349107
.7449115835626
.0536865638166
.1963754275935
.1982065805550
.0555713833156
.6100036182413
. 7409121894959
.6075135660978
.1122081510437
.2698753703035
.1114117395333
.3389367677931
.0494693938787
.7696451309795
.1115718808154
.1906548314700
.3358616826849
.1551831523851
.6081402596294
.0542632795598
.0688176670722
.6510240845749
.4661904392742
.4634826455353
.2381494875516
.1238399384513
.6370216452326
.4894188577780
.1452880866253
.3610216383818
.3513508341887
.1435491663293
.5016491599502
.2406052129104
.5109017277055
2452737973543
.3700319555094
.2505406611631
.3753750277549

.0177217222159
.0282824024023
.0284996712488

0285005646539
0300647223478
0302031277082

.0303987136077
.0305668796074
.0306067413002
.0309330068201
.0309773820835
.0313146250545
.0313573493392
.0314320469287
.0315182143894
.0324248137985
.0347512152386

0350393454927
0350717420310
0352129215334

.0352615504981
.0366403220343
.0367733107670
.0371675662937
.0373371571606
.0403973346588
.0413580040638
.0421957791870
.0495451004037
.0500419261141
.0505794587115

0520037210188
0521533567886
0524899152358
0599159762516

.0599609997426
.0599915272129
.0634133183449
.0635311861108
.0637206605672



