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Primary Goal

• Compressible subsonic through hypersonic

• Laminar through turbulent regimes

• Inviscid and viscous flows

• Steady state and transient

• Chemically reacting flow

• Multi-physics coupling

• Arbitrary body motion

• Mesh Adaptivity

Develop production capabilities to perform compressible

flow simulations for the Nuclear Weapons Complex.



SIERRA Framework

• SIERRA Framework

– Unstructured mesh finite-element infrastructure

– Parallel services

– H-Adaptivity

– Load balancing

– I/O services (restart)

– Scalable linear/nonlinear equation solver interface

• Trilinos/Nox

– Common interfaces and transfer operators for multi-physics 
code coupling

• SIERRA Code Management System (SCMS)

– Configuration management (archiving, building, and testing 
software across multiple platforms) 

– Software Engineering infrastructure (requirements 
management, issue tracking, …)



Edge-Based Assembly

• Spatial Discretization

– Node centered finite-volume method

– Median dual mesh:  volumes stored on 

nodes, area vector stored on edges 

– 1st and 2nd order upwind advection

• Second-order extrapolation (MUSCL, 

van Leer)

• Residual and matrix assembly

– Gradients are pre-assembled and 

stored on nodes

– Limiters are computed on edges

j

i

1
( , )

2
1
( , )

2

i i i i i ij

j j j j j ij

u u u

u u u

+ + −

− + −

= + Φ ∆ ∆ ∇ • ∆

= − Φ ∆ ∆ ∇ • ∆

r

r

( )ij j i∆ = −r r r

[ ]0,1iΦ ∈

j

i
iu
+

ij

ju
−

( ),i iu u∇

( ),j ju u∇

2 2

| |
( , )

ab ab
a b

a b

ε

ε

+ +
Φ =

+ +

2 ( )

2 ( )

i j j i

i i ij j i

j j ij j i

u u

u u u

u u u

+ −

−

+

∆ = ∆ = −

∆ = ∇ • ∆ − −

∆ = ∇ • ∆ − −

r

r

( )
( )

1 1

2
i i j ij ij

j NE ii

u u u
V ∈

∇ = + •
∆

∑ n S

( ) ( )

( ) ( )

( ) ( )

( )

( )

( )

x

x ij j ii
j NE i

y

y ij j ii
j NE i

z

z ij j ii
j NE i

u W u u

u W u u

u W u u

∈

∈

∈

= −

= −

= −

∑

∑

∑



Edge-Based Matrix Assembly: Residual

( )

0,    ( )c vi
i i ij ij ij i

j NE i

V i V
t ∈

∂
 = ∆ + − + = ∀ ∈Ω ∂

∑
W

G F F S H

( ) ( ) ( ) ( )
1
= , , , ,
2

c

ij i ij j ij i j ij j i

+ − + − − + + − −
 

F F W n F W n A W W n W W%

( ), , , ,v

ij i i j j ij= ∇ ∇F F U U U U n

•Semi-Discrete Equations (Residuals)

•Roe’s Approximate Riemann flux function

•Viscous Fluxes require construction of gradients at edge midpoints

•Premo blends node gradients with the node difference, 

(Rie and Chow, O’Rourke)
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Boundary Condition Enforcement

• Weak (Add flux from boundary surface)

– Performed during other flux calculations

– Similar to interior flux contributions

• Residual (Set the residual (or ∆U) to obtain U)

– Performed after all other flux calculations

– Replace flux balance with modified residual equation

b

*

* 1 *

b

δ

δ δ

δ

δ δ−

=

=

= −

=

W R

U M W

U U U

W M U

( )

0,    ( )c vb
b ij ij ij ij b b b b

j NE b

V i
t ∈

∂
 ∆ + − • + + • = ∀ ∈Ω Γ ∂

∑
W

F F n S H F n S • UR – constant

• UR – U(Ub)

UR



Solution Strategies

• Requirements

– Time accurate

– Minimize time to solution for steady-state problems

– Robust for broad range of compressible flow problems containing a wide range 

of time scales

• Implementations

– Four-stage low-storage Runge-Kutta scheme (2nd order accurate)

– Newton-Krylov method
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Matrix Graphs for NCFVM

Distance-2 matrix graph

for second-order Jacobian

Edge matrix graph for first-order 

Jacobian and first- and second-

order residual

2D Quad – 5*DOF

3D Hex   – 7*DOF

2D Quad – 13*DOF

3D Hex   – 25*DOF

In both cases, the number of columns is greater for tetrahedral meshes

D2 assembly requires;

1) Looping over edges,

2) Looping over edge nodes,

3) Storing information on edges,

4) Looping over edges sharing nodes

Not currently available in the framework!



NOX-Enabled Solution Strategies
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Edge-Based Matrix Assembly
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•Viscosity, conductivity and the velocity in the energy dissipation

are approximated by the average of the two node values

•Discrete Jacobian based only on edge-node data (first-order)
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Operator Evaluation Cost

Operator

156/81.2461/32.98FDC

2.935.30ROE

3.295.54ROEFD

4.787.34AD

11MF

11RHS

Tet mesh

(3D)

Hex mesh

(1 elem)

67/61.5661/34.9461/32.98FDC

8.177.567.34AD

111MF

111RHS

SARAN

S

(Hex 

mesh 

1 elem)

NS

(Hex 

mesh 

1 elem)

Euler

(Hex 

mesh 

1 elem)

Operato

r



Solver Overview

Residual,   Jacobian,Strategy

Pseudo

Transient
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Inviscid Supersonic Flow

Flow Conditions:

M=2

Alpha=0

Mesh:

NACA0012 – O-Grid

129x33x2

Boundaries 25 chords away from airfoil

Solver Settings:

Eta=10-1

Mesh courtesy of 

M. Berggren



Operator Evaluation Cost

191858915781.051-501AD_NK_O2

156337615261.21-50005FDC_MF_O2

190926928741.051-50001FDC_MF_O2

159237310001.21-50005ROE_MF_O2

145332612991.051-50001ROE_MF_O2

13373498861.21-50005ROEFD_MF_O2

126225410821.051-50001ROEFD_MF_O2

16333789891.21-50005AD_MF_O2

140029312601.051-50001AD_MF_O2

LItsNLItsCpuAdaptCFLMPF

LTS

Ilu(0), noRCM



Global vs. Local Timestepping

124031960481.051-5000yesLTS, ilu(1)

140029312601.051-5000noLTS, ilu(0)

113621742811.051-107yesGTS, ilu(1)

178125112711.051-107noGTS, ilu(0)

LItsNLItsCpuAdaptCFLRCM
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NACA0012 – Laminar 

Flow Conditions:

M=0.85

Re=2000

Alpha=0

Mesh

Cmesh 193x65x2

Boundaries 10-25 chords

Away from airfoil

Solver settings:

CFL=10-1E7

MPF=1

Adapt factor=1.1



374149656010-2LTS0/no RCM15

276844621610-2GTS1/RCM16

16342171341310-1LTS1/ RCM10

3808127662410-1LTS0/no RCM12

203145541010-1GTS1/RCM9

7120451221110-1GTS0/no RCM11

LItsNLItscpuEtaTimestepIlu/RCM



Mesh Sequencing

Meshes courtesy of 

M. Berggren

Mach No. Contours

Flow Conditions:

M=0.729

Alpha=2.31

Mesh:

C-grids: 137x25x2, 273x49x2, 545x97x2

Domain boundaries 10 chord lengths 

away from airfoil

Solver settings:

ilu(1)/RCM

Eta=10-1

MPF=5

LTS

Adaptive factor=1.2



Convergence History With Mesh Sequencing

55,641

37,787

31,746

4966

1075

CPU

50891068528,650545x97x210-500Fine

5089506528,650545x97x210-500Fine

2671260133,770273x49x210-500Medium

171539734,250137x25x21-1000Coarse

LItsNLItsDOFMeshCFL



SARANS Convergence History

----------2.5e-51-1071.2GTS10-155

9467928326192.5e-51-5001.2LTS10-1104

1689380951,0282.5e-51-5001.2LTS10-253

9392108538,9832.7e-510-

500

1.025LTS10-152

11279434112,5912.7e-51-1001.05LTS10-311

LitsNLItsCpuNu_hatCFLAdaptTimestepEtaMPF

Flow conditions:

M=0.729

Re=6.5E6

Alpha=2.31

Mesh:

C-grid, 369x65x2

Boundaries ~20 chords

Away from airfoil

Solver settings:

Ilu(1)/RCM



Cook, P.H., M.A. McDonald, M.C.P. Firmin, "Aerofoil RAE 2822 - Pressure Distributions, and Boundary Layer and Wake 

Measurements,“Experimental Data Base for ComputerProgram Assessment, AGARD Report AR 138,1979. 

http://www.grc.nasa.gov/WWW/wind/valid/raetaf/raetaf01/raetaf01.html



Unstructured Mesh Parallel Solver

Mesh courtesy of J.L. Payne

Flow Condtions:

M=0.8, alpha=0

Mesh: 174,383 nodes

916,009 Tet elements

Solver settings:

CFLmax=500

Ilu(1)/RCM, overlap=1

Eta=10-1

Discretization: AD, LS, vanAlbada

245

40 1

CPU (hrs.)MPF



Summary

• For unstructured mesh CFD solvers, MFNK nonlinear solver can 
be constructed that builds on the explicit solver

– Minimun requirement is a Residual function

– Same connectivity list to form matrix graph

– Offers flexibility in constructing preconditioning/Jacobian operators

• Obtained steady-state solutions to a variety of flow problems 
using a MFNK method employing different preconditioner
operators

– Inviscid nozzle flow

– Subsonic, transonic and supersonic inviscid flows

– Laminar flows

– RANS 

– Hypersonic Laminar blunt body flow

• Demonstrated Improved performance

– Implicit solver greatly reduces time-to-solution for steady-state 
problems compared to explicit

– AD was found to be superior to approximate and finite-difference 
methods

– Modified FDC is competitive and much easier to implement



The End
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